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The present work analyzes the consequences of the gravitomagnetic effect of the Earth upon a 
bosonic gas in which the corresponding atoms have a non-vanishing orbital angular momentum. 
Concerning the ground state of the Bogoliubov space of this system we deduce the consequences, 
on the pressure and on the speed of sound, of the gravitomagnetic effect. We prove that the effect 
on a single atom is very small, but we also show that for some thermodynamical properties the 
consequences scale as a non-trivial function of the number of particles. 



The deep analogies that can be found between elec- 
tromagnetism and gravitation have a long history, a fact 
readily understood looking at Coulomb's law of electric- 
ity and Newton's law of gravitation [l[ . The analogy was 
taken further and the possible existence of a magnetic 
component in the gravitational interaction between the 
Sun and the remaining celestial objects of our solar sys- 
tem was put forward in the nineteenth century @, Q . A 
more complete and profound relation between these two 
interactions emerged with the formulation of Einstein's 
theory of general relativity (GR), in which a gravitomag- 
netic field appears as an inexorable consequence of the 
presence of a current of mass-energy [l[ , though several 
theories of gravitation predict a gravitomagnetic contri- 
bution [![. This effect has several consequences, one of 
them is related to the appearance of a gravitational Lar- 
mor theorem i.e., the exterior gravity of a rotating 
source couples to the angular momentum of a test body 
and gives rise to a Larmor precession, in the same way as 
a magnetic field couples with the angular momentum of 
an electrically charged particle. Other manifestations of 
this effect are the so-called frame-dragging and geodetic 
precession @ 

The gravitomagnetic field is one of the most important 
predictions of GR and has no Newtonian counterpart. 
Currently the results associated to the motion of the LA- 
GEOS and LAGEOS-II satellites provide observational 
evidence for this effect Q ■ The extant spectrum of exper- 
iments, or of astrophysical observations, have a weight, 
mainly, in the classical realm Q. Of course, there are 
also experimental proposals in the quantal world, namely, 
there is some evidence of a shift in the energy for some 
fermions [H, Q . The need for a more profound work in 
this direction is also a point that has to be underlined, an 
issue already addressed in the context of interferometry. 
either neutronic or atomic [10|. The quantal aspect of 



the experimental corroboration has severe hurdles. In- 
deed, this fact is related to the smallness of this effect 
(the ratio between the gravitomagnetic and gravitoelec- 
tric effects of the Earth is ~ 10~ 7 ). Clearly, the use of an 
atomic system in this context seems to be a very bad idea, 
due to the smallness of the gravitational passive mass of 
an atom. This last assertion is a correct one, though one 
must add that this statement is valid for one atomic sys- 
tem. The point here concerns the possibility of enhancing 
the consequences of this effect, upon a quantal system, 
resorting to a gas. The present work addresses this issue, 
namely, we show that in a Bose-Einstein condensate the 
effect upon a single atom appears, in the context of some 
thermodynamical properties as the speed of sound, multi- 
plied by a non-trivial function of the number of particles. 
This fact acts as an enhancer for this effect. 

Let us consider a rotating uncharged, idealized spher- 
ical body with mass M and angular momentum J. In 
the weak field and slow motion limit the gravitomagnetic 
field may be written, using the PPN parameters Ai and 
A 2 , as 



m = C— 



A 2 \ G J - 3(J • x)x 



(1) 



The case of GR implies 7Al + A2 = 1 @], where c is the 
speed of light, x is the position vector, G is the Newtonian 
gravitational constant, and x is the unit vector related 
to x . We now assume that this gravitomagnetic field 
couples to the orbital angular momentum of an atom in 
the same way as it does in the case of a classical angular 
momentum 5]. 

Following this analogy between gravitomagnetism and 
magnetism we may now write down the interaction 
Hamiltonian that describes the coupling between grav- 
itomagnetism and the orbital angular momentum of an 
atom, here denoted by L 
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For the sake of simplicity we now impose some restric- 
tions. Firstly, the Earth has a perfect spherical symmetry 
with a radius R, mass M , constant mass density, and ro- 
tation frequency equal to uj. Under these conditions we 
have that ["j 



- 2MR 2 _ 
J = — - — we. 



(3) 



an additional simplification, which does not restrict the 
validity of our results, we assume that all the particles in 
the d-state have eigenvalue for L z equal to s = +2. Very 
close to the temperature T = 0, the second term in this 
Hamiltonian becomes UM 
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Clearly, the Hamiltonian for an atom must include 
this last term the one will be considered in the A"-body 
Hamiltonian operator (assuming that the gas is so dilute 
that only the two-body interaction potential is required 
fllj]h The system under study will be a Bose-Einstein 
gas enclosed in a container of volume V, particles of the 
gas are atoms with passive gravitational mass m and lo- 
cated at a height z « R with respect to the Earth's sur- 
face. In addition, the interaction between two particles 
will be assumed to be dominated by s-scattering, i.e., the 
temperature of the system is very low (fca << 1, where 
k and a are the wave vector and the scattering length, 
respectively) [TJJ • This entails the following Hamiltonian 
for the iV-body system. 



With these approximations the A^-body Hamiltonian 
has the following structure 
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This Hamiltonian can be diagonalized introducing the 
Bogoliubov transformations [l2[ 
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The last term in our Hamiltonian is related to the fact 
that the coupling between gravitomagnetism and orbital 
angular momentum is absent for the case of vanishing 
I. In addition, since we assume that the gas has a very 
low temperature (this phrase means smaller than the con- 
densation temperature) then almost all the particles have 
I = and a few ones will have non-vanishing angular mo- 
mentum and, at this point, we assume that they are in 
the d-state, i.e., 1 = 2, because the symmetry require- 
ments associated to the wave function discard the case of 
I = 1 ll|, i.e., the first case with non-vanishing angular 
momentum is I = 2 and not 1 = 1. The parameter s 
denotes the five possibilities related to the eigenvalues of 
the operator L z , namely s = ±1,0, ±2. These operators 
(fig and dt) are bosonic creation and annihilation opera- 
tors, and fulfill the usual Bose commutation relations. As 



b t = —f= 
k VT 



hi 



at + a k a' r 



a'-. + a k a_r 



(8) 



(9) 



These two operators fulfill the same algebra related 
to and at, i.e., they are also bosonic operators. In 
this last expression the following definitions have been 
introduced 
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The final form for our Hamiltonian is 
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The last summation diverges, a result already known 
14, 15]. and this divergence disappears introducing the 
so-called pseudo-potential method, which implies that 
we must perform the following substitution [15| 
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Finally, this last summation will be approximated by 
an integral. It is noteworthy to mention that the original 
expression has as lower limit the condition k ^ 0, which 
implies that the integral does not have as lower limit the 
value 0. In other words, 
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In this last expression we have that 
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Additionally 
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Concerning (|18l) , if we impose the condition of vanish- 
ing gravitational constant, i.e. g = 0, then we recover 
the usual Hamiltonian fl5j ]. 

The pressure (Po — — 1W~) anc ^ speed of sound (v s — 

■Tf—Wr) associated to the ground state of the Bo- 
goliubov space become, respectively 
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(22) 



Notice that the possibility of detecting the term de- 
pending upon the gravitomagnetic effect {5v 9 s m ) requires 
that, if Av s is the experimental error related to the mea- 
surement of the speed of sound, then Av s < |<5wf m |. In 
our case this entails 



f(x) = x 2 



1 + x 2 
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With these conditions we deduce the final structure of 
the iV-body Hamiltonian 



(18) 



A(v s ) < 



3 au>gR 
V2 c 2 



N. 



(23) 



The detection of the speed of sound in condensates has 
already a long history [16|, [I?]]. The main difficulty, in 
the experimental context, is related to the fact that (for 
the case of an atom) aa) f R ~ 10~ 23 . Nevertheless, this 
contribution to the speed of sound does not depend upon 
the density of particles but upon the number of particles. 
In other words, this tiny contribution is enhanced by the 
number of particles (N) related to a bosonic gas. The 
density in condensation experiments ranges from 10 13 to 
10 15 particles per cubic cm [Isj . hence for a condensate 
whose volume is 1.4cm 3 we have that 



In this last expression E$ denotes the energy of the 
ground state of the corresponding Bogoliubov space [l2j . 
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On the other hand, we have that the energy of the 
Bogoliubov excitations (E k ) is given by [12[ 



3 aujgR 
V2 c 2 



N - 10 _2 m/s. 



(24) 



Under these conditions an experimental uncertainty of 



Av, 



10- 



i/s would allow the detection of this field. 
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